MODELING CUSTOMER RELATIONSHIPS
ASMARKOQOV CHAINS

Phillip E. Pfeifer and Robert L. Carraway
Darden School of Business
100 Darden Boulevard
Charlottesville, VA 22903

Journal of Interactive Marketing, 14(2), Spring 2000, 43-55

PFEIFERP@VIRGINIA.EDU

Please do not quote our copy without permission



Introduction

The lifetime vaue of acustomer is an important and ussful concept in interactive
marketing. Courtheaux (1986) illudtrates its usefulness for anumber of manageria problems—
the most obvious if not the most important being the budgeting of marketing expenditures for
customer acquidition. It can aso be used to help dlocate spending across media (mail versus
telephone versus televison), vehicles (list A versuslist B), and programs (free gift versus specid
price), as well asto inform decisions with respect to retaining existing customers (see, for
example, Hughes 1997). Jackson (1996) even argues that its use helpsfirms to achieve a

Srategic competitive advantage.

Dwyer (1989) helped to popularize the lifetime vadue (LTV) concept by illugtrating the
cdculaion of LTV for both acustomer retention and a customer migration situation. Customer
retention refers to Stuations in which customers who are not retained are considered lost for
good. Inacustomer retention Stuation, nonresponse signas the end of the firm’ s relationship
with the customer. In contrast, customer migration Stuations are those in which nonresponse
does not necessarily sgnd the end of the relationship. Besdes articulating this digtinction

between customer retention and migration, Dwyer listed severd impedimentsto theuseof LTV.

More recently, Berger and Nasr (1998) argue for the importance of moving beyond
numericd illugtrations of the caculation of LTV to consder mathematical modelsfor LTV.
They offer five such mathematical models, couched in the Dwyer customer retention/migration

classfication scheme. While Dwyer illudrates the calculation of LTV usng two extensve



numerical examples, Berger and Nasr provide mathematica equationsfor LTV for five

gtuations—four involving customer retention and one involving customer migration.

Blattberg and Deighton (1996) dso formulate a mathematicad mode for LTV, for the
purpose of helping managers decide the optima ba ance between customer acquistion spending
(investments to convince prospects to become customers) and customer retention spending
(investments to convince current customers to continue purchasing from the firm). Whereas the
Berger and Nasr models gpply only to customers (people or organizations who have aready
purchased from the firm), the Blattberg and Deighton moded applies specificaly to prospects
(people or organizations who have yet to purchase from the firm). Because the Blattberg and
Deghton modd uses an infinite horizon, their resulting equation for LTV is quite Smple and easy
to evaluate, and involves none of the summation operators on which the Berger and Nasr finite-

horizon modds rely.

This paper builds directly on the work of Berger and Nasr (1998) and Blattberg and
Deghton (1996) in that it introduces a generd class of mathematical models, Markov Chain
Modds, which are gppropriate for modeling customer relationships and caculating LTV. The
magor advantage of the Markov chain modd (MCM) isitsflexibility. Almost dl of the Stuations
previoudy modeed are amenable to Markov Chain modeling. The MCM can handle both
customer migration and customer retention Stuations. It can gpply ether to a customer or to a
prospect. In addition, the flexibility inherent in the MCM means that it can be used in many

other Stuations not covered by previous modds. MCMs have been used successfully in severd



areas (White 1993) including marketing (Bronnenberg 1998 is a recent example). A mgor
purpose of this paper will be to explore their usefulnessin modeling the relationship between an

individud customer and a marketing firm.

In addition to its flexibility, the MCM offers other advantages. Becauseitisa
probabilistic modd, it explicitly accounts for the uncertainty surrounding customer relationships.
It uses the language of probability and expected va ue—Ilanguage that alows oneto talk about
the firm’s future relationship with an individua customer. As direct marketers move toward true
one-to-one marketing, we suggest that their language will dso change. Rather than talking
about groups or cohorts of customers, direct marketers will talk about Jane Doe. Rather than
talking about retention rates, they will talk about the probability Jane Doe will be retained.
Rather than talking about aver age profits from a segment of customers, they will talk about the
expected profit from their relationship with Jane Doe. Because the MCM incorporates this
language of probahility and expected vaue, it isidedly suited for facilitating true one-to-one

marketing.

Another advantage of the MCM isthat it is supported by awell-developed theory
about how these model's can be used for decision making (see, for example, Puterman 1994).
We will introduce the theory surrounding Markov decision processes, and illustrate how this
theory can help direct marketers manage and optimize their rdationships with individua

customers.
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The MCM dso works quite nicely with the popular Recerncy, Frequency, Monetary
vaue (RFM) framework (see, for example, David Shepard Associates, Inc. 1995), which
direct marketers use to categorize cusomers and manage customer relationships. We will

illugtrate the relationship between the MCM and the RFM framework.

This paper is organized asfollows. After thisintroduction, we present the fundamentas
of the MCM. The section following that will illugtrate the use of the MCM for avariety of
customer relaionship assumptions. For these illustrations, we will choose customer Stuations
gmilar to those addressed previoudy in the literature. A find section will illugtrate the use of
MCM and Markov decision processesto help afirm optimize a customer relaionship. For this
illugtration, we look at a catalog company deciding when to curtal its relationship with the
customer. This last example incorporates both recency and frequency as determinants of the
datus of the firm'’s relationship with the cusomer. The paper ends with a summary and

condlugons.

TheMarkov Chain Model
Firg we illugrate the fundamentals of Markov chain modding. Consder the following
gtuation: the ABC direct marketing company istrying to acquire Jane Doe as acustomer. If
successful, ABC expects to receive NC in net cortribution to company profits on Jane sinitid
purchase and on each succeeding purchase. Purchases are made at most once aperiod, a the

end of the period. Congstent with the customer migration models of Dwyer and of Berger and



Nag, it is possble that Jane will go severd periods between purchases. Periods are of equal

length, and the firm uses a per-period discount rate d to account for the time vaue of money.

For each period that Jane is consdered an active customer, ABC will spend throughout
the period in efforts to remarket to Jane. Let M represent the present value of those
remarketing expenditures. Furthermore, the firm believes the probability Jane will purchase a
the end of any period isafunction only of Jane s recency, the number of periods since Jane last
purchased. (If Jane purchased at the end of last period, Janeis at recency 1 for the current
period.) Let the probability Jane will purchase at the end of any period be p,, wherer is Jane
Doe' srecency. For the purposes of illustration, assume that if and when Jane reachesr =5, the

firm will curtall dl future efforts to remarket to Jane.

Thus, there are five possible states of the firm'’ s relationship with Jane Doe at the end of
any period, corresponding to recencies 1 though 4 and afifth state, “non cusomer” or “former
customer,” whichwewill labd r = 5. A key feature of the firm’s relaionship with Jane Doeis
that the future progpects for that reationship are afunction only of the current Sate of the
relationship (defined by Jane Do€' s recency) and not of the particular path Jane Doe took to
reach her current state. This property is caled the Markov property. The Markov property is
anecessary condition for a stochastic system to be aMarkov Chain. It isa property of the
Berger and Nasr models, the Dwyer modds, and the Blattberg and Deighton model. Because

al these modds exhibit the Markov property with congtant probabilities, they can dl be



represented as Markov chains. Figure 1isagraphica representation of the MCM for the

firm’ s rlaionship with Jane Doe.

The probabilities of moving from one state to another in asingle period are cdled
trangtion probabilities. For Jane Doe, the following 5x5 trangtion probability matrix
summarizes the trangtion probakilities shown graphicaly in Figure 1. The last row of this matrix
reflects the assumption that if Janeisat recency 5 in any future period, she will remain &
recency 5 for the next and dl future periods. In the language of Markov chains, r = 5 or

“former customer” is an absorbing state. Once Jane enters that Sate she remainsin that dtate.

P 1-p1 0 0 0
P2 0 1'p2 0 0
P=|p O 0 1-ps O
Pa 0 0 0 1-p4
0 0 0 0 1

Matrix P isthe one-gep trangtion matrix. Thet-step transition matrix is defined to be
the matrix of probakilities of moving from one gate to ancther in exactly t periods. Itisawell-
known property of Markov chain modding that the t-step trangtion matrix is Ssmply the matrix
product of t one-step transition matrices. Thusthe (i, j) dement of matrix P* (found by
multiplying P by itsdf t times) isthe probability Jane Doe will be a recency | at the end of
period t given that she started at recency i. In essence, P' isatidy way both to summarize and

to caculate the probability forecast of Jane Do€' s recency at any future time point t.



Now that we have a probability forecast for ABC's future relationship with Jane Doe,
we turn to the economic evauation of that relationship. The cash flows received by thefirmin
any future period will be afunction of Jane Do€ srecency. R, a5x1 column vector of rewards,

summarizes these cash flows:

If a the end of any future period t Jane Doe makes a purchase and thereby transtions to

r = 1 for the next period, the firm recaives NC a timet and is committed to marketing to Jane
throughout the next period. Recdling that M represents the present vaue of these marketing
expenditures, the totd reward to thefirm a timet if Janetrangtionstor = 1isNC —M. If Jane
does not make a purchase and trangitions to recencies 2, 3, or 4, the firm’'sreward is—M,
reflecting its decison to continue to remarket to Jane during the coming period. However, if
Janetrangtionsto r = 5, the firm has decided to curtail the relationship. The corresponding

reward is zero.

If the ABC company decides to evauate its reationship with Jane Doe using a horizon
of length T, the remaining challenge is to combine the probability forecasts reflected in P* with
the reward structure reflected in R. If the firm isrisk neutrd, it will be willing to make decisons

based on expected net present vaue. If so, the only remaining chalengeisto teke P, R, T and



d and develop an expression for the expected present vaue of the firm'’ s relaionship with Jane

Doe. Thetheory of the Markov decision process provides the mechanism for doing so:

<
Y
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=0
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where V' isthe 5x1 column vector of expected present value over T periods. The dements of
VT correspond to the five possible initia states of the Jane Doe relaionship. The top element of
VT corresponding to r = 1 (a Jane Doe rdlationship that starts with a purchase at t = 0), will be
of particular interest. Thisisthe expected present vaue of the cash flows from the firm's
proposed relationship with Jane Doe. It is, in other words, the expected LTV for Jane Doe.
Notice that this value accounts for NC from theinitid purchaseat t = 0 aswel asatrailing

expenditureof M a time T if Janeisan active customer at T.

Rather than selecting somefinite horizon T over which to evauate its relationship with
Jane Doe, the firm might decide to sdlect an infinite horizon. (Because expected cash flows
from a customer relationship usudly become quite smdl at large vaues of t, the numerica
differences between sdecting along but finite horizon and an infinite horizon are usudly
negligible. Theinfinite horizon gpproach has the advantage of being computationdly smpler.)

For an infinite horizon, it can be shown that

\Yj 0 lim V'
T® ¥
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= {I-Q+d*P}*R )
where | isthe identity matrix.
Let usillugrate the use of (1) and (2) using a numerica example. Suppose that

for Jane Doe, d = 0.2, NC = $40, and M = $4. The numericd vauesfor R turn out to be

$36
$(4)
R=| $4
$(4)
$0

Suppose further that p; = 0.3, p, = 0.2, ps = 0.15, and p, = 0.05. The one, two, three, and

four step trangtion matrices are then

0.3 0.7 0 0 0

0.2 0 0.8 0 0

P= 0.15 0 0 0.85 0

0.05 0 0 0 0.95

0 0 0 0 1

0.2300 0.2100 0.5600 0 0

0.1800  0.1400 0 0.6800 0
P = 0.0875 0.1050 0 0 0.8075
0.0150  0.0350 0 0 0.9500

0 0 0 0 1

01950 0.1610 0.1680 0.4760 0
0.1160 0.1260 0.1120 0 0.6460

P’= 0.0473 0.0613 0.0840 0 0.8075
0.0115 0.0105 0.0280 0 0.9500
0 0 0 0 1

0.1397 0.1365 0.1288 0.1428 0.4522
0.0768 0.0812 0.1008 0.0952 0.6460
P'= 0.0390 0.0331 0.0490 0.0714 0.8075
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0.0098 0.0081 0.0084 0.0238 0.9500
0 0 0 0 1

The upper row of P* tdls usthat if the firm successfully initiates a relationship with Jane Doe a t
=0, thereis a0.1397 probability Jane will make apurchase a t = 4, a0.1365 probability Jane
will reachrecency 2at =4, . . ., and a0.4522 probability the firm will curtal its relaionship
with Jane at the end of period 4 because she did not make a purchase in any of the four

preceding periods.
Subgtituting these trangtion matrices, R as given above, and d = 0.2 into (1) gives

$50.115
$4.220
V4 = $0.592
$(1.980)
$0

which represents the expected present vaue of the Jane Doe relationship over afour period
horizon. The expected LTV of the proposed relationship with Jane Doeis $50.11. Thisvaue
conggts of $40 from theinitial purchase and $10.11 of expected present vaue from future cash

flows.

If and when Jane reaches recency 2, her expected customer lifetime vaue decreases to
$4.22. Notice that $4.22 isthe present value now of a Jane Doe customer relationship that

begins with Jane having just trangtioned to recency 2. (ThisisaJane Doe who purchased one



11

period ago but falled to purchasein this period.) Smilarly, if Jane trangtions to recency 3, the
firm’s relationship with Jane has an expected present vaue of $0.59, while if Jane trangtionsto

recency 4, the expected present value is anegative $1.98.

This negative expected vaue for arecency 4 Jane Doe means that the ABC firm loses
money in its efforts to remarket to arecency 4 Jane Doe. Perhapsthisis because our andyss

used the rdaively short time horizon of T = 4?

A smpleinverson of the 5x5 matrix required of (2) dlowsusto cdculate V, the

expected net present vaue of the Jane Doe relaionship for an infinite horizon:

$52.320
$5.554
Vo= $1.251
$(1.820)

$0

The differences in the results reflect the expected present value of cash flows after t = 4. Using

an infinite horizon, the expected LTV for Jane Doe increases to $52.32.

While dl the expected present vaues have improved under the longer horizon, the
expected present vaue is gill negative at recency 4. Given the economic and probabiligtic
assumptions of the modd, the firm would do better if it curtailed its relationship with Jane Doe at

recency 4 rather than recency 5.
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It isasmple matter to modify the Markov decison model to evaduate this proposed
changein policy. Oneway would be to reformulate the modd using four rather than five Sates.
A quicker short cut isto modify the exidting five-state modd by setting p4 equa to zero and the
fourth dement of R equd to zero. These two changes reflect the fact that under the new policy,
no money will be spent on arecency 4 Jane Doe and she will automaticdly trangtion to recency
5. Making these changes and recalculating V gives
[ $53.149 |

$6.621
V = $2.644

$0
$0

As expected, under the new policy the expected present value of arecency 4 Jane Doe is zero.
It is a0 gpparent that because the new policy more effectively deas with Jane Doe if and when
she reaches recency 4, the change improves the vaue of the entire relationship. The new
expected LTV for the Jane Doe relationship is $53.15. The improved policy has added $0.83

to the expected LTV.

Thissmple example illugtrates the notion that firms can use MCMs not only to evauate
proposed customer relationships, but also to help manage and improve those relationships.
Markov chain modeing asssts not only with prospecting decisions (should we try to initiate a

relationship with Jane Doe?) but aso with retention and termination decisons.  Findly, notice
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that any improvements to a customer relationship are immediately incorporated into the LTV

cdculation through the MCM.

Markov Chain Models of Customer Relationships
The ABC firm'’s potentia relationship with Jane Doe was our first example of a
customer relationship amenable to Markov chain modding. The Jane Doe relationship might be
characterized as a customer migration Stuation with purchase probabilities dependent on

recency. Thisisacase5 stuation, as defined by Berger and Nasr.

Now suppose that, in addition to purchase probabilities, remarketing expenditures and
net contribution also depend on recency. In other words, suppose the amount the firm spends
on remarketing is adjusted based on recency. In addition, suppose the expected net
contribution from Jane Doe purchases is thought to depend on the recency state from which the
purchaseismade. Purchase probabilities, net contributions, and remarketing expenses varying
with recency are characterigtics of the Stuation consdered by Dwyer in his customer migration

example.

To model this Situation using an MCM will require an expanded state space. In order
to account for net contributions that depend on Jane Doe' s recency at time of purchase, we will
need to separate the recency 1 date into four new states. These four new States will be labeed

1,, 1,, 15, and 1, corresponding to Jane Doe purchasing at the end of a period in which she was
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at recency 1, 2, 3, and 4 respectively. The trangtion matrix and reward vector for this more

complicated customer migration Stuation are given below:

State P R
1, P11 0 0 0 1-pu O 0 0 NCy; - My
1, P12 0 0 0 1-p2 O 0 0 NCi- My,
13 P13 0 0 0 1-ps O 0 0 NCi3- My3
14 P14 0 0 0 1-pa O 0 0 NCi4- M4
2 0 P2 0 0 0 1-pp O 0 -M;
3 0 0 Ps 0 0 0 1-p3 O -M3
4 0 0 0 P4 0 0 0 1-ps -My
5 0 0 0 0 0 0 0 1 0

For example, notice that if Jane Doe purchases at recency 2, she trangtions to state 1,,
where the firm receives NC, in net contribution and spends M, for remarketing. Purchases a
recency 3, however, send Jane to state 13, where the firm receives NCy3 and spends My;. Just
as net contribution and remarketing expenditures depend on the recency at which Jane
purchased, so too do her subsequent purchase probabilities pi1, P12, P13, ad pi4. Breaking out
the origind recency 1 state into four substates has adlowed us to gpply the MCM to aSituation
where purchase amounts, marketing expenditures, and repurchase probabilities depend on

customer recency at the time of purchase.
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So far we have considered only customer migration Stuations. The MCM can dso be
used for cusomer retention Stuations. The smplest of such Stuaionsisonein which a
customer has a congtant probability p of responding in each period, and any nonresponse
sggndsthe end of the customer relationship. The MCM for this Stuation requires only two

dates: customer and former customer. The P and R matrices are given below:

State P R
Customer p 1-p NC-M
Former
Customer 0 1 0

Thisisavery smple modd—so smple that the advantages of Markov chain modeling
are negligible. Berger and Nasr congider this Smplest customer-migration Situation as case 1.
Notice that because the MCM appliesto a period of arbitrary length (discount rate d is defined
as the per-period discount rate), thisMCM a so applies to the situation considered by Berger
and Nasr as case 2a.

It isardaively smple matter to expand the MCM to handle the firm’s rdaionship with
aprospect. Suppose an expenditure A gives the firm probability p, of acquiring the prospect.
The MCM modd for this prospecting/customer retention Situation requires three sates:
prospect, customer, and former customer. The trangition matrix and reward vector are as
follows

State P R

]
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Prospect 0 Pa 1-pa -A
Customer 0 p 1-p NC-M

Former 0 0 1 0
Customer

Once again, thismodd is smple enough that the benefits of Markov Chain modeing are limited.

In fact, thismode is smple enough that equation (2) can be solved dgebraicdly to give the

following expected values
VProspect = 'A + (1 + d)_lpaVCustomer
VCustomer = (NC - M)/[l - p/(l + d)]
VFormer Customer — O

Thisexampleilludtrates that while it is possble to extend the MCM to include
prospecting, there is usualy little reason to do so. The trangtion from prospect to customer is

usualy smple enough that it can be treated dgebraicaly, without recourse to the MCM.

Next, consder a customer retention Situation where purchase amounts, repurchase
probabilities, and remarketing expenditures al depend on frequency—the number of times the
customer has purchased from the firm. For the purposes of thisillustration, suppose these
variables change for frequencies 1, 2, and 3, but remain constant for frequencies of 4 or more.

The MCM of this Stuation requires five states. frequencies 1, 2, 3, and 4 together with “former
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customer.” The frequency 4 state might be better labeled “frequency 4 or greater.” The

trangtion matrix and reward vector are as follows:

State o P R
frequency 1 0 Py 0 0 1-ps NC;- M,
frequency 2 0 0 P2 0 1-p NCx-M,
frequency 3 0 0 0 P3 1-ps NC;3- M3
frequency 4 0 0 0 P4 1-ps NC4- My

Former 0 0 0 0 1 0

Customer [

Purchase probabilities, net contributions, and remarketing expenses varying with frequency in a
customer retention Situation are characteristics of the Stuation considered by Dwyer in his

customer retention example. Here we have shown the MCM for this same Stuation.

Asour find example of MCM of acustomer relationship, congder a customer migration
gtuation in which the firm believes that purchase probabilities, net contribution, and remarketing
expenditures al depend on the customer’ s recency, frequency, and monetary value of past
purchases. Thisisthe familiar RFM method for categorizing customers—applied here to

characterize the status of the firm’s rdationship with the customer. Let r be the customer’s
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recency, let f be the customer’ s frequency, and let m be an index corresponding to categories

associated with the monetary vaue of the customer’s past purchases.

The MCM modd for this Situation will use states defined by (r, f, m) where each of
these eements are integers with some known upper bound. The upper bound for r might be the
recency a which the firm ends the relationship. The highest frequency vadue might bea
“frequency 4 or greater” type of category. Findly, the upper bound for m will amply be the
number of monetary vaue categories the firm has created. The end result is some finite number
of dates defined using (r, f, m) that characterize the status of the firm’ s relationship with the

customer.

Because the number of statesin this generd RFM-based MCM model can be quite
large, we will not attempt to portray the trangition probability matrix and reward vector. Instead
we offer Figure 2. Figure 2 focuses on gate (r, f, m) and shows dl possble trangtionsto and
from that sate. The only path to state (r, f, m) isanonresponse from state (r - 1, f, m).
Similarly, a nonresponse from gate (r, f, m) trangtions the customer to state (r + 1, f, m). A
response or purchase from state (r, f, m) trangtions the customer to arecency 1 date, to
frequency f + 1 (assuming the next higher frequency is not above the upper bound for
frequency), and to one of severa possible monetary vaue sates. Figure2 usesm - 1, m, and
m + 1 asthree posshilities. The firm receives areward which depends on the monetary vaue
category to which the customer trangtions—higher net contribution, for example, if the cusomer

moves to a higher monetary vaue category.
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A chalenge in congructing an RFM-based MCM will be to define monetary vaue
categories in such away that the Markov property will hold. Recall that the Markov property
requires that future prospects for the customer relationship depend only on the current state of
the relaionship. By their very nature, monetary vaue categories based on moving averages will
be non-Markovian. Instead of moving averages, monetary vaue categories based on the sngle
last purchase amount or the cumulative totd of al previous purchase amounts will be better

suited for Markov chain modding.

Example Use of Markov Decision Processesto Manage a Customer Relationship
Up to this point we have attempted to illustrate how the MCM can be used to model a
firm’s reaionship with acustomer in avariety of Stuaions. Presumably, the most important use
of these modelsisin caculaing LTV asafunction of some smdl set of meaningful input
parameters. LTV is perhaps most commonly used to help firms decide how much to spendin

ther attempts to initiate relationships.

In this section, we offer an extensive numerica example that will concentrate on the
opposite end of the firm'’ s relationship with the customer:  the firm’s decision to terminate the
relaionship. This example will demonstrate the use of the theory of Markov decision processes

to find the best decision drategy in a reasonably complicated Situation.
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A large catdog company knows that a customer’ s response probabilities to its thrice-
yearly catalog depend on both the customer’ s recency (how many periods/catalogs snce the
customer’ s last purchase) and frequency (how many times the customer has purchased from the

firm). These purchase probabilitiesfor atypical customer are givenin Table 1.

While the MCM can accommaodate purchase amounts and marketing expenses that
vary with recency and frequency, for the purposes of this example we will kegp thingssmple.
Assume the customer’ s purchases bring the firm $60 in expected net contribution regardless of
the customer’ s recency or frequency &t the time of purchase. For each period the customer is
active, the firm spends $1 mid-period in marketing—again regardless of the customer’ s recency

or frequency. The firm uses adiscount rate of 0.03 per period to account for the time vaue of

money.

Heretofore the firm has curtailed its relationship with the customer after recency 24.
Thisiswhy purchase probahilities for recencies grester than 24 are not available. In light of
projected increases in paper and postage codts, the firm isintent on reexamining this palicy.
Perhaps the firm should be more aggressive in paring its mailing list of dormant customers? Or
perhaps the firm’s policy should depend on both recency and frequency—cutting off low
frequency customers sooner than higher frequency customers? It seemsfairly obvious that such
apolicy will do bette—but how much better? Will the increase in profitability judtify the costs

associated with implementing the change?
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The Markov chain modd of this catdog firm' s relationship with a customer will require
121 states. Thefirst 120 states will be the 24x5 combination of 24 possible recencies(r = 1 to
24) with 5 possible frequencies (f = 1 to 5). Notice that frequencies greater than or equal to 5
are dl lumped together as frequency 5. Thefind gate isthe familiar “former cusomer” sate
that we will label recency 25 and frequency 1. The probabilitiesin Table 1 will be labded p; 1,

where (r, f) refers to the recency and frequency of the customer.

The congtruction of the 121x121 trangtion matrix follows directly from the problem
description. The customer trangitionsto Sate (25, 1) from states (24, 1) through (24, 5) with
probabilities 1 - pa4,1 through 1 - pog 5 respectively. The customer trangtions to state (1, 5)
from gtates (1, 4) through (24, 4) with probahilities p; 4 through p,4 4 respectively, and from
states (1, 5) through (24, 5) with probahilities p; s through p.4 s respectively. For f =2, 3, or 4
the customer trangitionsto state (1, f) from states (1, f - 1) through (24, f - 1) with probabilities
P11 through pos £ respectively. Findly, for recencies 2 through 24 inclusve, the customer

trangtionsto state (r, f) from state (r - 1, f) with probability 1 - pry, +

The 121-component reward vector is defined as follows:

NC -M r=1
R = -M r=2,3,...,24
0 r=25

where M isequd to the present value of remarketing expenditures or $1/(1.03)2. Notice the

very ample sructure of these cash flows. As mentioned earlier, useful extensons to this model
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would be to congder net contributions that vary with frequency and marketing expenditures that
vary with both recency and frequency. These extensons are easy to implement because they

involve changes to the reward vector only.

We are now in apogtion to evauate the firm's current policy of curtailing the customer
relationship after recency 24. Using equation (2) and the inverson of a 121x121 matrix dlows
usto caculate the 121x1 column vector V. Thefirs dement of V is calculated to be $89.264.
The expected present vaue of the catalog firm's rdationship with the customer is $89.264.
Included in this number is the $60 net contribution from the initid purchase—so that $29.264 of

the present vaue of the relaionship comes from cash flows after the initid purchase.

Examining the caculated expected vaues for the remaining possible states of the firm's
relaionship tels us that the policy of curtailing the rdationship after recency 24 isafarly good
one. Only one date, Sate (24, 1) has a negative expected value. The firm could do alittle bit

better if it dropped frequency 1 customers after recency 23, rather than 24.

To illustrate in detail how the Markov decison modd can be used to help the firm
manage its relationship with the customer, suppose that paper and postage increases raise the
cost of remarketing from $1 to $2 per period, with no other changes. Suppose further that the
firm isfree to change its mailing policy asit seesfit with no effect on the customer’s repurchase
probabilities. (While this might be true in the short run, it would not be true in the long run. If

customers learn to expect a certain number of contacts and plan or alocate their purchases
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accordingly, cutting back on the number of contacts might increase the purchase probabilities at

lower recencies.)

Thefirm's chdlengeisto find the optimal contact policy. We saw earlier that the
optimd policy a M = $1 was to curtail mailings after recency 23 for afrequency 1 customer
and after recency 24 for frequencies 2, 3, 4, and 5. Let usrefer to this policy as (23, 24, 24,
24, 24), reflecting the recency cutoffs for each of the five possble frequencies. Our chdlengeis
to find the best contact policy (the best string of five recency cutoff values) now that mid-period

marketing expenses are $2.

The problem described is an example of a Markov decison problem, and thereisa
large body of knowledge about how to solve these kinds of problems. We will illustrate one
popular approach called the policy improvement algorithm (see Hillier and Lieberman 1986,

715).

The palicy improvement dgorithm begins by evduating (cdculating V) for some
arbitrary policy. Asour initid arbitrary policy we use the firm's current policy of curtailing
contact after recency 24: (24, 24, 24, 24, 24). Using (2) to evduate V for this policy givesthe
resultsin Table 2. The expected customer lifetime value using this policy is $69.470.
Subtracting the initid $60 contribution, we see that the higher remarketing cost has cut the vaue
of the firm’s future relationship with the customer rather dragticaly—from $29.264 down to

$9.470 if the firm sicksto itsinitid (24, 24, 24, 24, 24) policy. We can see from Table 2,
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however, that there are many states in which the vaue of the firm’'s reaionship is negetive.

Improvement will be possble.

The next step in the policy improvement agorithm isto revigt the firm's decison & each
and every state and replace the current decision with abest decision based on the caculated
vaues. Inour example, this means contacting only those customers at states with pogtive
vaues and not contacting the rest. The improved palicy istherefore (3, 6, 9, 12, 14). Thus
endsthefirg iteration in the policy improvement algorithm. Policy (3, 6, 9, 12, 14) becomes the

new candidate policy.

To evaduate palicy (3, 6, 9, 12, 14), we modified the Markov decison mode by
changing the purchase probabilities to zero for any state outsde the firm’s contact policy. In
addition, we set the reward for trangtioning to any of these dtates a zero. In effect, if the
customer trangtions to a state outsde the firm'’s contact policy she or he will trangtion with
probability 1 and with reward zero to state (25, 1). The results of evaluating policy (3, 6, 9, 12,
14) aregivenin Table 3. The expected customer lifetime value for this strategy has improved to

$71.487.

Turning to the policy improvement step, we notice that every state contacted in the
current policy has postive expected vaue. So thereisno way to improve the current policy by
making further cutbacks. What we need to do now is consider contacting some of the states

we no longer contact. For example, suppose we contacted state (4, 1). Such a contact would
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cost us $2 in the middle of the period but would bring us a 0.0450 probability of trangtioning to
state (1, 2) and a0.9550 probability of trandtioning to state (5, 1) at the end of the period. The
expected present value of doing sois

(1.03)V4($2) + (1.03)*[0.045($80.085) + 0.9550($0)] = $1.528.
Y ou will notice that we have eva uated the proposed change in policy using the vaues cdculated
for the current policy. While this evauation will not hold if we make more than one change to
the current policy, it is as prescribed by the policy improvement dgorithm. After performing
amilar caculaionsfor dl sates not contacted under the current policy, we find severa that

project a profitable contact. The improved policy that resultsis (8, 12, 15, 16, 17).

The expected customer lifetime vaue for the (8, 12, 15, 16, 17) policy is caculated to
be $74.519. All contacted states have positive expected values and only one of the states not

contacted, state (9, 1), projects asmall positive profit if contacted.

Our find stage of the policy improvement agorithm evauates policy (9, 12, 15, 16, 17)
to find an expected lifetime vaue of $74.523, dl contacted states with positive vaues, and no
other tates projecting a positive profit if contacted. The policy improvement agorithmis

complete. We have found the optimd policy.

The net result of the increase in marketing costs from $1 to $2 has been achangein
optimal policy from (23, 24, 24, 24, 24) to (9, 12, 15, 16, 17) and a decrease in expected

customer lifetime value from $89.267 to $74.523. Subtracting theinitia $60 contribution
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shows us that the expected future vaue of the firm’s rdationship with the customer decreases

from $29.267 to $14.523.

Summary and Conclusons
This paper introduced a generd class of mathematical modds, Markov Chain Models,
which are gppropriate for modeling customer relaionships and calculating LTVSs. A mgor
advantage of this class of modesisitsflexibility. Thisflexibility was demongrated by showing
how the MCM could handle the wide variety of the customer rdationship Stuations previoudy
modeled in the literature. The MCM is particularly useful in modding complicated customer-

relaionship stuations for which dgebraic solutions will not be possible.

A second advantage of the MCM isthat it isa probabilistic modd. It incorporates the
language of probability and expected value—language tha will help marketers tak about

relationships with individua customers.

The MCM is aso supported by awell-developed theory about how these models can
be used for decison making. The use of this theory was demonstrated by a comprehensive
numerica example in which a catadog company adjusted its contact policy in response to

increased mailing costs.
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Table 1. Catalog Customer Repurchase Probabilities
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Frequency

Recency 1 2 3 4 35
1 0.103 0.121 0.143 0.151 0.163
2 0.076 0.090 0.106 0.112 0.121
3 0.059 0.069 0.081 0.086 0.093
4 0.045 0.053 0.062 0.066 0.071
5 0.038 0.045 0.053 0.056 0.061
6 0.035 0.041 0.049 0.051 0.056
7 0.030 0.035 0.041 0.043 0.047
8 0.027 0.032 0.038 0.040 0.043
9 0.025 0.029 0.035 0.037 0.040
10 0.021 0.025 0.030 0.031 0.034
11 0.021 0.024 0.028 0.030 0.033
12 0.020 0.024 0.028 0.030 0.032
13 0.017 0.020 0.024 0.025 0.027
14 0.017 0.020 0.024 0.025 0.027
15 0.016 0.019 0.022 0.024 0.026
16 0.015 0.018 0.021 0.022 0.024
17 0.014 0.017 0.020 0.021 0.022
18 0.013 0.016 0.018 0.019 0.021
19 0.013 0.015 0.018 0.019 0.020
20 0.012 0.014 0.017 0.018 0.019
21 0.012 0.014 0.016 0.017 0.018
22 0.011 0.013 0.015 0.016 0.017
23 0.011 0.012 0.015 0.015 0.017
24 0.010 0.012 0.014 0.015 0.016




30

Table2. Calculated V for Catalog-Firm Policy (24, 24, 24, 24, 24)
NC =$60, M = $2, and d = 0.03

Frequency

Recency 1 2 3 4 5
1 $69.470 $79.194  $88.052 $92381 $95.821
2 $ 4069 $12.697 $20.710 $24632 $27.837
3 $ 0184 $ 7903 $15169 $18.737 $21.704
4 $(2563) $ 4415 $11.050 $14320 $17.069
5 $(4371) $ 2027 $ 8155 $11.185 $13.751
6 $ (5715 $ 0172 $ 5843 $ 8660 $11.057
7 $(6861) $(1473) $ 3750 $ 6351 $ 8576
8 $(7597) $ (2634 $ 2204 $ 4613 $ 6.692
9 $(8153) $(3598) $ 0868 $ 3.090 $ 5.027
10 $(8553) $(4384) $(0282) $ 1771 $ 3554
11 $ (8651 $ (4808 $(1016) $ 0882 $ 2538
12 $(8682 $(5169) $(1689) $ 0056 $ 1581
13 $ (8679 $ (6512 $(2362 $(0.772) $ 0.611
14 $(8426) $ (5.547) $ (2685 $(1.231) $ 0.035
15 $(8142) $ (5.565) $(299%) $ (1.685) $ (0.546)
16 $ (7.765) $ (5480) $(3.197) $(2035) $ (1.021)
17 $(7.257) $ (5.247) $(3243) $ (2213) $ (1315
18 $ (6.646) $ (49090 $ (3174 $ (22700 $ (1499
19 $(5.940) $ (4460) $(2984) $ (22100 $ (1549
20 $ (5168 $(3953) $(2737) $(2098) $ (1.547)
21 $(429) $(333) $(2362 $(1.850) $ (1.411)
22 $(3343) $ (2625 $(1.902) $(1.521) $ (1189
23 $ (23100 $(1.833) $(1.354) $(1.097) $ (0.878
24 $(1.194) $(0.953) $ (0.715) $ (0.585) $ (0.473)
25 $0
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Table3. Calculated V for Catalog-Firm Policy (3, 6, 9, 12, 14)
NC =$60, M = $2, and d = 0.03

Frequency
Recency 1 2 3 4 5

1 $71.487 $80.085 $88337 $92.781 $96.131
2 $ 6281 $13.702 $20.987 $25.063 $28.159
3 $ 2578 $ 9011 $15440 $19.197 $22.038
4 $0 $ 5620 $11.318 $14809 $17.417
5 $0 $ 3321 $ 8424 $11.702 $14.113
6 $0 $ 1554 $ 6113 $ 9207 $11.433
7 $0 $0 $ 4021 $ 6927 $ 8969
8 $0 $0 $ 2478 $ 5219 $ 7.101
9 $0 $0 $ 1146 $ 3728 $ 5454
10 $0 $0 $0 $ 2441 $ 3999
11 $0 $0 $0 $ 1584 $ 3.000
12 $0 $0 $0 $ 0792 $ 2.063
13 $0 $0 $0 $0 $ 1114
14 $0 $0 $0 $0 $ 0.559
15 $0 $0 $0 $0 $0
16 $0 $0 $0 $0 $0
17 $0 $0 $0 $0 $0
18 $0 $0 $0 $0 $0
19 $0 $0 $0 $0 $0
20 $0 $0 $0 $0 $0
21 $0 $0 $0 $0 $0
22 $0 $0 $0 $0 $0
23 $0 $0 $0 $0 $0
24 $0 $0 $0 $0 $0
25 $0
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Figure 1. Graphical Representation of the Markov Chain M odel
of the Firm’s Relationship with Jane Doe

1-ps 1-p
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Figure 2. Graphical Representation of Trangtionsinto and out of
State (r, f, m) for an RFM -based MCM.

(r, f, m)



